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Analysis and Prediction of Thin-Airfoil Stall Phenomena
with Hybrid Turbulence Methodology
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Analysis and prediction of thin-airfoil stall phenomena of a NACA 64A006 airfoil are numerically investigated
using large-eddy simulation (LES)/Reynolds-averaged Navier–Stokes (RANS) hybrid methodology with a high-
order compact differencing scheme. Subsonic flow of M∞ = 0.17 with the high Reynolds number of Re = 5.8 ×× 106

is considered, and the angle of attack is varied from 4.0 to 11.0 deg. The results illustrate the possibility of the
present LES/RANS hybrid methodology for the prediction of the massively separated high Reynolds number flows
with laminar separation and turbulent reattachment within more practical computational cost than that of a pure
LES approach. Thin-airfoil stalling aerodynamic characteristics are successfully predicted using the LES/RANS
hybrid methodology with a high-order compact difference scheme that is less costly than pure LES approaches. For
the prediction of thin-airfoil stall phenomena, it is necessary to resolve properly the laminar small bubble near the
leading edge at relatively low angles of attack and the growth of the bubble where suction pressure peak collapses
with increasing angles of attack. From the instantaneous and time-averaged flows, it is confirmed that the laminar
small bubble near the leading edge is a phenomenon that appears when the unsteady small vortices shedding
from the leading edge are averaged for a certain length of time. High-order compact differencing scheme provides
extremely high-fidelity results for the complicated and separated flowfields associated with a NACA 64A006 airfoil
near stall, even under the reasonable number of grid points. Thin-airfoil stall characteristics are well predicted
with the numerical transition method implemented in the original Baldwin and Lomax turbulence model that
detects the transition point automatically from the computation. The LES/RANS hybrid methodology with the
simple transition method is considered to be an effective prediction tool for flows where the RANS can predict the
transition reasonably well.

Nomenclature
a = sonic speed
CK = Yoshizawa model coefficient
CL = lift coefficient, lift/(q∞Sref)
Cp = local pressure coefficient, (p − p∞)/(q∞Sref)
CS = Smagorinsky model coefficient
c = chord length of the profile
dblend = distance from wall to blending position
dwall = distance from wall
M = local Mach number
Prt = turbulent Prandtl number
p = local static pressure
pt = local total pressure
q = dynamic pressure
qSGS

j = subgrid-scale heat flux vector
Re = Reynolds number
Si j = strain rate tensor
Sref = reference area
T = temperature
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u = local velocity
x, y, z = Cartesian coordinates
x j = coordinate vector
α = angle of attack
α f = filter strength coefficient
γ = ratio of specific heats
�filter = filter length scale
�t = integration time
�x, �y, �z = step size of the grid in x , y, and z directions
δi j = Kronecker delta
µt = turbulent eddy viscosity
µSGS

t = subgrid-scale turbulent eddy viscosity
ν = kinematic eddy viscosity
νSGS

t = subgrid-scale kinematic eddy viscosity
ρ = density
τ SGS

i j = subgrid-scale stress tensor

Subscripts

∞ = freestream quantity
BL = quantity at outer edge of boundary layer

Superscripts

− = spatially filtered quantity
∼ = Favre-filtered quantity
+ = wall unit quantity
∗ = dimensional quantity

I. Introduction

P RECISE estimation of maximum lift and stall angle of a wing
is an important issue for the aerodynamic design of aircraft.

Whereas the conventional computational fluid dynamics (CFD)
technology has enabled precise numerical analysis of attached flows
at relatively low angles of attack, it is still difficult to simulate
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massively separated unsteady turbulent flows at high angles of at-
tack near stall. Therefore, it is important and necessary to develop
a CFD technology for the prediction of such unsteady flows at high
Reynolds numbers within a reasonable computational cost.

In the workshop sponsored by the National Aerospace Labora-
tory of Japan in 2000, CFD predictions of the stall characteristics
of three types of wing sections were discussed: NACA 63-018,
NACA 63-012, and NACA 64A006. The stall characteristics of the
NACA 63-018 and the NACA 63-012 are classified into trailing-
edge stall and leading-edge stall, respectively, and are well predicted
by the conventional Reynolds-averaged Navier–Stokes (RANS)
computations.1 However, prediction of stall characteristics of the
NACA 64A006 airfoil at high Reynolds numbers was not successful.
This airfoil has thin-airfoil stall characteristics, where the laminar
flow separation occurs at the leading edge and the transition causes
the turbulent reattachment. The reattachment point gradually moves
rearward with increasing angles of attack. Flows over a thin airfoil at
the angle of attack beyond 5.0 deg include small vortices shedding
from the leading edge, which produces strong unsteadiness in the
flow. This is the main reason that RANS simulations in which we
deal with time-averaged quantities using turbulence models do not
give satisfactory results.

The limitation of RANS simulations led to an interest in methods
such as large-eddy simulation (LES) that may improve the predic-
tion accuracy of such flows. Thanks to the rapid progress of com-
puter capability in recent years, LES has been applied to the flows
of some airfoils near stall at high Reynolds numbers.2−4 It is sug-
gested in Ref. 2 that LES can successfully resolve the turbulent
transition directly and predict the flow behavior, including separa-
tion and reattachment, if the mesh is adequately fine near the walls
and resolves near-wall turbulent structures, whereas the results with
coarse mesh resolution are generally disappointing. The mesh res-
olution required for the simulations using LES becomes enormous
when LES is applied to the wall-bounded flows at high Reynolds
numbers. In particular, an extremely fine resolution is needed for
resolving turbulent transition. In addition, in order to maintain tem-
poral accuracy inside a boundary layer, computational time step size
is limited. In fact, in the best prediction by LES of Mary and Sagaut,3

the spanwise extent of the computational domain is limited to 1.2%
of the chord length, and the three-dimensional computational do-
main is only located near the solid surface. Given the feasibility of
LES under the current computer environment, it still remains dif-
ficult to apply LES to complex flows at high Reynolds numbers as
seen in many engineering problems.

To overcome these difficulties, an LES/RANS hybrid methodol-
ogy was proposed in recent years. The LES/RANS hybrid approach
applies RANS computation based on Favre-averaged Navier–Stokes
equations to the regions near solid surfaces, whereas LES compu-
tation based on Favre-filtered Navier–Stokes equations is applied
to the other region that may include massively separated flows.
The hybrid methodology is considered to require a lower compu-
tational cost than LES because it can alleviate immense grid re-
quirements and the severe time-step limitation associated with the
small-eddy motions that need to be resolved in the wall-bounded
regions. LES/RANS hybrid methodology was successfully applied
to a supersonic turbulent mixing flow5 and supersonic axisymmetric
base flow.6 Both of the cases have shown the reliability and capa-
bility of the hybrid method when the separation line is fixed at the
edge of the splitter plate and the base edge. The reliability of the
hybrid methodology for flows with massive separation, transition,
and reattachment is not yet fully identified.

Another approach to capture massively separated high Reynolds
number flows is detached-eddy simulation (DES).7 DES is a simple
modification of the Spalart–Allmaras (SA) turbulence model8 and
switches from RANS (SA) to LES-like simulation away from the
solid surface. DES has been applied to a flow past a circular cylinder9

with laminar and turbulent separation where the separation line was
not fixed. Major features of the separated flow such as drag, shedding
frequency, and pressure were reasonably well predicted with DES
but not with unsteady RANS, whereas the prediction accuracy of
the length of the recirculation bubble was poor. The partial success

described in Ref. 9 may be considered to prove the validity and
capability of DES to flows with massive separation and transition.
However, this case did not have turbulent reattachment.

In the present study, the LES/RANS hybrid methodology is ap-
plied to subsonic flows at high Reynolds numbers around a NACA
64A006 airfoil at various angles of attack. The purpose of the present
paper is to achieve a highly-fidelity prediction of the maximum lift
and stall angle of the thin-airfoil stall characteristic by CFD within
a practical computational cost and to identify the reliability and
capability of the LES/RANS hybrid methodology for flows with
separation, transition, and turbulent reattachment. Spatial deriva-
tives of governing equations are evaluated by the sixth-order com-
pact difference scheme proposed by Lele.10 The compact difference
scheme achieves the spectrallike resolution with minimum disper-
sive and dissipative numerical errors. The computational conditions
are set to be the same as those of the experiments of McCullough
and Gault.11,12 The computational results are compared with those
by the conventional upwind scheme and the experiment. The mech-
anism of the bubble appearing at the leading edge is discussed. The
influence of the different schemes under the current mesh resolution
and the effect of transition methods are both investigated.

II. Mathematical Model
A. Governing Equations

Both Favre-filtered Navier–Stokes equations and Favre-averaged
Navier–Stokes equations are derived from the compressible form of
Navier–Stokes equations. The details of this derivation are provided
in Ref. 6. Both the Favre-filtered and the Favre-averaged Navier–
Stokes equations for an ideal gas are nondimensionalized by the
density and the speed of sound of the freestream and the charac-
teristic length c and are transformed to the generalized curvilinear
coordinate system. The Favre-averaged Navier–Stokes equations
with modeled correlation terms are used for RANS formulation.
The Favre-filtered Navier–Stokes equations with modeled subgrid-
scale (SGS) terms are used for LES formulation. Because of the
similar form of the RANS and LES formulations, both formulation
sets are solved with a single computational method. Sutherland’s
law is used to compute molecular dynamic viscosity. The Prandtl
number and specific heat ratio are fixed to 0.72 and 1.4, respectively.

B. SGS Modelings
SGS terms in the LES formulation cannot be directly computed.

Therefore, SGS models have to be introduced to close the system
of Favre-filtered equations.

Various models for the SGS stress tensor τ SGS
i j have been proposed

to solve incompressible filtered Navier–Stokes equations. The SGS
modeling used in the present study for compressive flow analyses
is based on the incompressible Smagorinsky model.13 Additional
terms to account for compressibility are modeled based on the work
of Yoshizawa,14 Moin et al.,15 Vreman,16 and Vreman et al.17,18

The SGS stress tensor τ SGS
i j is modeled using the Smagorinsky

eddy viscosity formulation because of its robustness and low com-
putational cost,

ρ̄τ SGS
i j − 1

3 δi j ρ̄τ SGS
kk = −2ρ̄νSGS

t S̃i j

= −2ρ̄Cs2�2
filter|S̃|S̃i j (1)

The SGS eddy viscosity is analogous to the eddy viscosity used
in RANS turbulence models and is written as

µSGS
t = ρ̄Cs2�2

filter|S̃| (2)

The �filter in Eq. (1) is chosen to be a characteristic length of
computational grid. This length varies over the grid because of its
nonuniform nature. The filter length scaled at each grid point is
evaluated by Deardorff’s determination as follows:

�filter = (�x�y�z)− 1
3 (3)
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|S̃| in Eq. (1) is defined as

|S̃| =
√

2S̃i j S̃i j (4)

As the isotropic part of the SGS stress tensor, ρ̄τ SGS
kk cannot be

computed directly. It must be modeled. In this study, the Yoshizawa
model14 is applied for the computation of the isotropic part of the
SGS stress tensor,

ρ̄τ SGS
kk = 2ρ̄Ck�

2
filter|S̃|2 (5)

The eddy diffusivity model is applied to the SGS heat flux term,

qSGS
j = − ∂

∂x j

[
ρ̄νSGS

t

(γ − 1)Prt M2

∂ T̃

∂x j

]
(6)

with the turbulent Prandtl number Prt fixed to 0.9.
It was shown in Ref. 16 that the other SGS terms as shown in

Ref. 6 have a negligibly small value compared to the preceding
SGS terms. In this study, those terms are neglected based on the
work of Moin et al.15 and Vreman.16

C. LES/RANS Hybrid Methodology
In the LES/RANS hybrid methodology, the RANS formulation

is applied to the regions near the solid surface inside the boundary
layer, whereas the LES formulation is applied to massively separated
flow regions. The motivation of the hybrid method is to alleviate the
immense grid requirements and resultant severe time-step limitation
associated with the small-eddy motions that need to be resolved in
the wall-bounded regions.

In our LES/RANS hybrid method, the Baldwin and Lomax alge-
braic model19 is used for the RANS computation and the compress-
ible form of the Smagorinsky model13 is used for the LES computa-
tion to achieve both robustness and low computational cost. These
properties often become significant advantages when the LES/
RANS hybrid method is applied to engineering problems.

Near the interface of the RANS and LES regions, the RANS (cor-
relation terms being modeled) and LES (SGS terms being modeled)
formulation sets are blended by the following method:

[LES/RANS hybrid] = 	(η)[LES] + [1 − 	(η)][RANS] (7)

The blending function 	(η) used in the present study is

	(η) = 1

2
+ tanh

[
C1(0.2η − C2)

0.2(1 − 2C2)η + C2

]/
2 tanh(C1) (8)

where η = dwall/dblend (dwall and dblend being distance from the wall
and distance from the wall to blending position, respectively),
C1 = 4, and C2 = 0.2. A similar expression is used for the weight-
ing function of the inner and outer regions in the boundary layer.20

The present blending function is continuous from the RANS region
through the LES region. The blending function is zero at η = 0 and
	(η) = 0.5 at η = 1.0. The parameter C1 controls the blending width
of the LES and RANS region where the function changes from 0
to 1 as shown in Fig. 1. Transition from the RANS near the solid
surface to the LES is designed around the location specified from
the surface of the wall dblend with Eq. (8). To apply the RANS turbu-
lence model to the boundary layer, the dblend is specified using the
boundary-layer thickness of the result from the a priori RANS sim-
ulation. The blending function 	(η) is 0.5 at the outer edge of the
boundary layer where the effect of LES and RANS is halved. The
value rapidly increases to 1.0 away from the boundary-layer edge.
The blending point that appears to take place within the boundary
layer is not appropriate because the LES region appears near the
solid surface and an immense grid point is required to resolve the
near-wall turbulence. Increasing the required grid point inside the
boundary layer results in a loss of the advantage of the present hy-
brid method. Distribution of the blending function 	(η) around the
leading edge of the NACA 64A006 airfoil is shown in Fig. 2.

Time-averaged quantities in the RANS formulation are theoreti-
cally different from spatially filtered quantities in LES formulation.

Fig. 1 Behavior of blending function Γ(η).

Fig. 2 Distribution of blending function Γ(η) around the leading edge
of a NACA 64A006 airfoil.

However, because of the similar form of the RANS and LES for-
mulations, both formulation sets can be solved continuously from
the RANS region through the LES region with a single computa-
tional method. We expect the RANS-to-LES region to switch from
fully modeled stresses given by the turbulence model to resolved
stresses that appear when an unsteady flow is averaged, as discussed
in Ref. 21. As a procedure of the present hybrid simulation, the
Baldwin–Lomax (BL) turbulence model and the compressible form
of the Smagorinsky model are computed to close the RANS and
LES formulations at each time step. Then, both formulation sets are
solved continuously from the RANS regions through the LES in
time-dependent form.

D. Model Constants
The Smagorinsky constant is not a universal constant in the LES

of various types of turbulent flows. Therefore, the constants for the
SGS models are chosen based on previous studies. Vreman et al.18

derived the relation between CS and CK . This inequality expresses
a necessary condition for realizability of SGS stress tensor:

CK ≥ (√
3
/

2
)
C2

S (9)

Erlebacher et al.22 derived the model constants based on the results
of their direct numerical simulation and concluded that C2

S = 0.012.
Yoshizawa14 proposed that CS = 0.16 and CK = 0.0886 from the
two-scale direct interaction approximation. Rogallo and Moin23 sug-
gested the range of 0.10 ≤ Cs ≤ 0.24. Based on these previous stud-
ies, Cs = 0.12 and CK = 0.00498 are chosen for the present thin-
airfoil stall analyses. These constants clearly satisfy inequality (9)
and the range of 0.10 ≤ CS ≤ 0.24.

E. Numerical Scheme
A high-order central difference discretization with spectrallike

resolution that minimizes dispersive and dissipative numerical er-
rors is preferable for LES. Because of their spectrallike resolution,
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Table 1 Description of computed cases

Case Numerical method Numerical scheme Transition model

Cmpt-0.2% LES/RANS hybrid method Sixth-order compact scheme Fixed at 0.2% chord length
Cmpt-BL LES/RANS hybrid method Sixth-order compact scheme Baldwin and Lomax’s treatment
Upwind-0.2% LES/RANS hybrid method SHUS + third-order MUSCL Fixed at 0.2% chord length

high-order compact difference schemes are an attractive choice for
reducing dispersion, anisotropy, and dissipation errors associated
with the spatial discretization. Recently, the compact difference
scheme was applied to several engineering problems such as vortical
flow over a delta wing,24 a double-delta wing,25 and the unsteady
flow over a wing section near stall condition.26 The advantage of
the compact difference scheme was shown for the vortical flows
compared with the conventional second- or third-order scheme.

In this study, the equations are solved in the generalized curvilin-
ear coordinates, where the spatial derivatives for convective terms,
viscous terms, metrics, and Jacobian are evaluated by the following
sixth-order compact difference scheme.10 For any scalar quantity f ,
the finite difference approximation to the first spatial derivatives at
node i f ′

i are obtained by the following formula:

αcmpt f ′
i − 1 + f ′

i + αcmpt f ′
i + 1 = a

fi + 1 − fi − 1

2h
+ b

fi + 2 − fi − 2

4h
(10)

where αcmpt = 1/3, a = 14/9, and b = 1/9 for the sixth-order scheme
and where h shows discretization step size. Because the preceding
scheme has five stencils in the right-hand side and three stencils in
the left-hand side, the fourth and sixth-order explicit one-side biased
finite difference schemes are used for the evaluation of the deriva-
tives at the boundary and the neighboring points,27 respectively.

For the compact difference scheme, a filtering procedure is needed
to suppress the numerical instabilities. The following sixth-order
filtering scheme28 is used,

α f f̂i − 1 + f̂i + α f f̂i + 1 =
N∑

n = 0

an

2
( fi + n + fi − n) (11)

where f is the solution vector and f̂ is the filtered quantity.
In Eq. (11), the sixth-order (N = 6) filter is obtained with
a0 =(11/16) + (5α f /8), a1 = (15/32) + (17α f /16), a2 = (−3/16)
+ (3α f /8), a3 = (1/32) + (α f /16), a4 = 0, and a5 = 0. Addition-
ally, the fourth-order filter is adapted at the second point of the
boundary for stability. The α f is a free parameter satisfying the
inequality −0.5 < α f ≤ 0.5. In this range, a higher value of α f cor-
responds to a less dissipative filter. The α f is set as 0.4 in this study.

Computations are also carried out with the simple high-resolution
upwind scheme29 (SHUS), which belongs to a family of conven-
tional advection upstream splitting method30 type schemes. When
the SHUS scheme is used, physical properties at the interface are
evaluated by MUSCL interpolation31 based on the primitive vari-
ables to maintain third-order space accuracy. The viscous terms are
evaluated by second-order central differencing scheme.

The lower–upper symmetric Gauss–Seidel factorization implicit
algorithm32 is used for the time integration. However, because the
flowfield considered in this study is essentially unsteady, multiple
sub-iterations are adopted, and the error due to the linearization
is eliminated. In this study, second-order temporal accuracy of the
scheme is guaranteed by three-level backward differencing formula.

F. Boundary Conditions
The inflow boundary condition is applied to all of the curved

boundaries of the C mesh. In this study, three-dimensional turbulent
structures developed naturally without any external perturbations.
A characteristic boundary condition is applied to the outflow bound-
ary of the computational domain. A nonslip boundary condition is
applied to the surface of the airfoil where the density is extrapolated
from the adjacent nodes, and the pressure is defined from the equi-
librium condition of the momentum normal to the wall. A periodic
boundary condition is used in the spanwise direction.

G. Treatments of Transition
For the LES of the flow around an airfoil near the stall condition

presented in Ref. 2, turbulent transition is successfully resolved di-
rectly with enormous grid points. On the other hand, turbulent tran-
sition that occurs inside the boundary layer is not directly resolved in
the present LES/RANS hybrid methodology because the turbulence
model is used near the solid surface. Because turbulent transition oc-
curs somewhere around the NACA 64A006 airfoil under the present
flow conditions, transition models should be introduced to the cur-
rent turbulence model in the LES/RANS hybrid methodology. In this
study, transition to turbulence is simulated by setting the turbulent
eddy viscosity µt = 0 everywhere upstream of the transition point.
The line of transition is specified at 0.002c from the leading edge
for both the computations using a compact difference scheme and a
conventional upwind scheme. The choice of the transition location
at 0.002c was based on the RANS previous study in Ref. 33. In
Ref. 33, several transition locations were chosen manually, and the
result with transition at 0.002c showed better (but not satisfactory)
prediction. Fixed transition location would be good enough when
the location is known. From an engineering viewpoint as a design
tool, however, it may be desired to determine transition points by the
computation itself. Thus, as a simple prediction method, the tran-
sition model implemented in the original BL turbulence model19

is also considered for the computations using a compact difference
scheme. In the numerical transition method, the effect of transition
to turbulence is simulated by setting turbulent eddy viscosity µt = 0
everywhere in a profile of a wall-normal direction, where the maxi-
mum tentatively computed value of µt is less than a specified value
CMUTM; µt = 0 if (µt )max in profile < CMUTM = 14. All of the compu-
tational cases are listed in Table 1.

III. Numerical Results
A. Flow Conditions

The flow conditions are based on the experiments for the air-
foil of McCullough and Gault.11,12 According to the experiments,
freestream Mach number is set to be M∞ = 0.17, and Reynolds
number is (Re = u∗

∞c∗/ν∗ = ) 5.8 × 106. The angle of attack ranges
from 4.0 deg for an attached flow through 11.0 deg for a massively
separated flow after stall.

B. Computational Setup
1. Grid Sensitivity Study

The computational grid around the NACA 64A006 airfoil used
in this study is topologically a C-type, and the x, y, and z directions
correspond to the streamwise, spanwise, and wall-normal directions,
as shown in Fig. 3. Three computational grids are used to evaluate
the simulation sensitivity to the different spatial resolutions. All of
the designed grids have a computational domain that extends to 20c
and 0.5c for the outer and spanwise boundaries, respectively. The
number of the grid points is listed in Table 2.

Figure 4 shows the time-averaged pressure distributions over the
airfoil on each grid at 5.5-deg angle of attack. The laminar separa-
tion bubble that appears on the suction surface is a well-known flow
characteristics of a NACA 64A006 airfoil under the flow conditions.
All of the computations are carried out using the LES/RANS hybrid
methodology with a sixth-order compact scheme, and the line of
transition is specified at 0.002c from the leading edge. Because the
results with the baseline grid and fine grid are reasonably approached
to the experiment with increasing mesh resolution, the spatial reso-
lution of the baseline grid is considered to have an adequate mesh
resolution to simulate thin-airfoil stall phenomena with the current
hybrid method. However, a fine grid is used in the present study to
improve the spatial resolution and reveal detailed flow mechanisms.
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Table 2 Grid characteristics

Grid Suction side Pressure side Wake Spanwise Normal to wall Ntotal

Coarse 126 126 22 26 79 1.18 × 106

Baseline 190 126 22 51 95 1.73 × 106

Fine 252 126 22 51 119 2.54 × 106

Fig. 3 Computational grid: fine grid, 419 ×× 51 ×× 119.

Fig. 4 Time-averaged pressure coefficient distributions over airfoil on
three different mesh resolutions, α= 5.5 deg.

The average mesh resolution of the fine grid on the upper surface of
the wing is (�x+, �y+, �z+) = (537, 1469, 1.8) at α = 9 deg (close
to stall). The mesh resolution is relatively coarse compared to the
LES of the flow around an airfoil near stall.2−4 Because the near-wall
turbulence is fully modeled, the LES/RANS hybrid methodology
properly resolves the wall shear stress even with such a relatively
coarse mesh resolution, which contributes to the reduction of the
computational costs compared to pure LES.

2. Temporal Accuracy
For LES computations, unsteady motion needs to be resolved

both in time and space. Therefore, the local Courant–Friedrichs–
Lewy (CFL) number must be kept at a magnitude of order unity
(see Ref. 34) or an appropriate number of inner iterations must be
used for the implicit time-integration method.

To determine the suitable number of inner iterations, the ef-
fect of four different numbers of inner iterations, 0, 3, 5, and
10, is investigated. The computational time step is fixed as �t =
�t∗ × u∗

∞/c∗ = 3.4 × 10−4. The local CFL number at the interface
of the RANS and LES regions is about 3.3 for the time step. The
angle of attack is set to be 9 deg, where maximum lift is obtained
and aerodynamic coefficients are considered to be highly influenced
by the unsteady vortex shedding from the leading edge.

Fig. 5 Time histories of pressure coefficient at position 0.4c from lead-
ing edge and center in the spanwise direction, α= 9 deg.

Time histories of the pressure coefficient at the position of 0.4c
from the leading edge and the center in the spanwise direction are
shown in Fig. 5. Unsteady behavior of the pressure on the airfoil
caused by the unsteady vortices shedding from the leading edge is
clearly shown, and the computation without inner iterations results
in the time delay of the pressure variation. For the number of inner
iterations of 3, 5, and 10, there is no time delay, and the features of the
pressure variations are almost the same for all of the cases. From the
results, the number of inner iterations of three with �t = 3.4 × 10−4

is considered to be sufficient to maintain the temporal accuracy and
evaluate the stall features. In this study, the number of inner iterations
is set as three with �t = 3.4 × 10−4.

3. Data Processing
The time step �t = 3.4 × 10−4 in nondimensional time corre-

sponds to �t = 8.96 × 10−6 s in dimensional time based on the
chord length (c = 1.524 m) in the experiment.11,12 Time-averaged
data are created by averaging about 26,000 steps of unsteady flows,
which is about 0.233 s as physical time.

C. Results
Because a separation phenomenon is very sensitive to the

boundary-layer profile, the boundary layer must be computed cor-
rectly. Computed time-averaged boundary-layer velocity profiles on
the suction surface (x/c = 0.1, 0.2, 0.3, and 0.5) at a 4.0-deg angle
of attack are compared with the experiment12 in Fig. 6, where the
boundary-layer velocity profiles are computed from the static and
total pressures according to the following relationship:

u

uBL
=

√
pt − p

pt∞ − pBL
(12)

The names of the cases in Fig. 6 indicate the numerical scheme and
the transition model that are used in the computation, as shown in
Table 1. The growth and shape of the boundary layer highly depend
on the mesh resolution in LES, and the required mesh resolution
is enormous, as shown in Ref. 3. The flow is fully attached at a
4.0-deg angle of attack, and so the hybrid method is operating almost
in RANS mode. The present LES/RANS hybrid methodology can
successfully predict the growth and shape of the boundary-layer
profiles reasonably well at all of the locations because of the nature of
the method under comparatively coarse mesh resolution compared
with the required mesh resolution for pure LES. The reduction of
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Fig. 6 Boundary-layer velocity profiles developed along the suction
surface (x/c = 0.1, 0.2, 0.3, and 0.5) at 4-deg angle of attack.

Fig. 7 Instantaneous pressure distribution over airfoil surface and to-
tal pressure isosurface of pt/pt∞ = 0.96 at 5.5-deg angle of attack: Cmpt-
0.2%.

computational cost compared to LES is clear, as is presented in
Sec. III.B.1.

It is well known that the flow characteristics of a NACA 64A006
airfoil under the present flow condition are classified into three types:
attached flow at relatively low angle of attack, laminar bubble flow
at 5.0-deg angle of attack through the stall angle, and fully separated
flow after the stall angle. The mechanism of the laminar bubble is
often explained in literatures as follows. Laminar flow separation
occurs near the leading edge, and turbulent reattachment occurs
somewhere downstream, which causes the formation of the laminar
bubble. The appearance of the bubble on the suction surface is the
main mechanism of the thin-airfoil stall phenomena. Therefore, it
is important to resolve the bubble correctly for the prediction of the
stall feature of this airfoil.

The existence of the laminar small bubble near the leading edge
is known to be the flow feature of a NACA 64A006 airfoil at 5.5-deg
angle of attack. Figures 7 and 8 show the instantaneous pressure dis-
tributions over the airfoil surface and the total pressure isosurface of
pt/pt∞ = 0.96 obtained by the compact difference scheme (Cmpt-
0.2%) and the conventional upwind scheme (Upwind-0.2%), respec-
tively. Separation from the leading edge and unsteady vortices shed-
ding caused by the instability of the shear layer are clearly observed
in both of the results. However, there are differences in the position
and concentration of the vortices. The result obtained by the compact
difference scheme properly resolves small vortices shedding imme-
diately after the laminar separation and uneven pressure distribution
patterns resulting from the existence of a three-dimensional vortices
structure, as shown in Fig. 7. In contrast, the small vortices shed-
ding are not well resolved in the result obtained by the conventional

Fig. 8 Instantaneous pressure distribution over airfoil surface and
total pressure isosurface of pt/pt∞ = 0.96 at 5.5-deg angle of attack:
Upwind-0.2%.

Fig. 9 Instantaneous Mach number distribution and velocity vectors
near leading edge at 5.5-deg angle of attack: Cmpt-0.2%.

upwind scheme (Upwind-0.2%), as shown in Fig. 8. Relatively dis-
sipated vortices are generated from about 20% chord length. The
conventional upwind scheme may introduce excessive dissipation
that stabilizes the shear layer and delays the location of the vortices
shedding under the present mesh resolution, whereas the compact
difference scheme evaluates the shear layer and vortices without
excessive numerical dissipation.

Instantaneous and time-averaged Mach number distributions and
velocity vectors near the leading edge obtained by the Cmpt-0.2%
case are shown in Figs. 9 and 10. Unsteady flow features induced by
the small vortices shedding from the leading edge are observed in the
separated regions, as shown in Fig. 9. In the instantaneous flowfields
shown in Fig. 9, the existence of the typical laminar small bubble is
not clearly observed. On the other hand, the time-averaged flowfield
presented in Fig. 10 clearly shows the laminar separation with tur-
bulent reattachment a short distance behind the leading edge where
the laminar small bubble is formed. Such a flowfield is also observed
in the experiments by Fitzgerald and Mueller35 using laser Doppler
velocimetry measurement. From the computational results shown in
Figs. 7, 9, and 10, the typical laminar small bubble near the leading
edge at relatively low angles of attack, which is often observed in
the experiment and which exists stationary on the suction surface,
is considered to be the phenomenon observed as a time-averaged
flowfield of the unsteady small vortices shedding for a certain time
length. The computational results suggest that the stationary bub-
ble dose not exist practically, but that the unsteady small vortices
shedding do exist. Recent improvement of the time resolution in an
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Fig. 10 Time-averaged Mach number distribution and velocity vec-
tors near leading edge at 5.5-deg angle of attack: Cmpt-0.2%.

Fig. 11 Time-averaged pressure distribution over airfoil surface at
5.5-deg angle of attack: Cmpt-0.2%.

Fig. 12 Time-averaged pressure distribution over airfoil surface at
5.5-deg angle of attack: Upwind-0.2%.

experiment may help to resolve the mechanism of the formation of
the bubble.

Time-averaged static pressure distributions over the airfoil sur-
face computed by the Cmpt-0.2% and Upwind-0.2% cases are
shown in Figs. 11 and 12, respectively. Three-dimensional flow
structures are somewhat lost, and the averaged flowfield is more two
dimensional. Regions of low pressure, indicative of the laminar sep-
aration bubble, are observed in both the results. However, there is a
difference in the low-pressure regions between Figs. 11 and 12. Fig-
ure 13 shows the computed time-averaged pressure coefficient dis-
tributions over the airfoil compared with the experimental data. The
compact difference scheme successfully captures the negative pres-
sure peak caused by the bubble near the leading edge, and both the
strength and the position agree well with the experiment. The result
with the simple transition method in the BL turbulence model with

Fig. 13 Time-averaged pressure coefficient distributions over airfoil
at 5.5-deg angle of attack.

Fig. 14 Time-averaged pressure coefficient distributions over airfoil
at angle of attack range 4.0–11.0 deg: Cmpt-0.2%.

Fig. 15 Time-averaged pressure coefficient distributions over airfoil
at angle of attack range 4.0–11.0 deg: Cmpt-BL.

the compact difference scheme also successfully predicts the pres-
sure distribution. In contrast, the conventional upwind scheme fails
to capture the formation of small bubble near the leading edge, and
extensive negative pressure is observed at 0.2c behind the leading
edge. The discrepancy from the experiment comes from the numeri-
cally dissipated shear layer and vortices shedding as shown in Fig. 8.

Figures 14–16 show the time-averaged pressure coefficient distri-
butions over the airfoil surface at different angles of attack obtained
by Cmpt-0.2%, Cmpt-BL, and Upwind-0.2%, respectively. The re-
sults obtained by the compact difference scheme as shown in Figs. 14
and 15 successfully capture the suction peak near the leading edge
caused by the laminar small bubble at relatively low angles of attack.
Growth of the length of the laminar bubble and a gradually collapsed
suction peak are well resolved, where the reattachment point moves



960 KAWAI AND FUJII

Fig. 16 Time-averaged pressure coefficient distributions over airfoil
at angle of attack range 4.0–11.0 deg: Upwind-0.2%.

Fig. 17 Lift coefficient vs angles of attack and key flowfields over the
airfoil at 8.0- and 11.0-deg angles of attack.

toward the trailing edge with the angle of attack increase. The growth
of the bubble is also observed in the experiment with increasing an-
gles of attack. The current treatment of transition adopted in the BL
turbulence model works well together with the hybrid method to
capture the typical laminar small bubble at relatively low angles of
attack and its growth with increasing angles of attack. In contrast,
Fig. 16 shows that the Upwind-0.2% computations cannot capture
the laminar small bubble and its growth with increasing angles of
attack. The suction pressure peak is not resolved at all, and rela-
tively flat pressure distributions over the airfoil are observed. This
is considered to be due to the lack of present mesh resolution for
the LES with a conventional upwind scheme, as discussed earlier.

The time-averaged lift characteristic is important from an engi-
neering viewpoint. Figure 17 shows the computed lift characteristics
compared with the experimental data of McCullough and Gault.11

Time-averaged Mach number distributions and streamlines of the
key flowfields are also included in Figs. 17a–17c. The experimental
data are corrected for the consideration of the tunnel-wall constraint
and the effects of compressibility. The results obtained by the com-
pact difference scheme show that proper estimations of the slope of
the lift curves, the maximum lift, and the stall angle are successfully
achieved. Quantitative prediction of the stall feature seems to be sat-
isfactorily captured even after the stall angle, where the massively
separated unsteady flows induced by the vortices shedding from the
leading edge are dominant. The LES/RANS hybrid methodology
with the simple BL transition method works extremely well with the
flows around the NACA 64A006 airfoil to predict the thin-airfoil

stall characteristics, where transition points should be determined by
the computation itself. At relatively low angles of attack, the bubble
gradually grows rearward where the suction pressure peak is main-
tained at almost the same level. Therefore, the lift increases linearly.
The thin-airfoil stall occurs when the bubble progressively grows
rearward with a gradually collapsed suction peak at high angles of
attack, as shown in Figs. 14, 15, 17b, and 17c. According to the grad-
ually collapsed negative pressure, a sudden loss of lift at the stall
does not occur. On the other hand, the conventional upwind scheme
slightly overpredicts the lift at the angles of attack from 5.5 to 7 deg.
The flow is fully separated without any reattachment on the airfoil
surface at an 8-deg angle of attack, as shown in Fig. 17a, whereas
the bubble near the leading edge is well resolved by the compu-
tation with the compact difference scheme, as shown in Fig. 17b.
Relatively flat pressure distribution along the entire upper surface
induced by the fully separated flowfield is observed in Fig. 16. In
contrast with the results obtained by the Cmpt-0.2% and Cmpt-BL,
a further increase in lift cannot be expected anymore. At angles of
attack greater than 7 deg, therefore, the slope of the lift curve is
reduced and the peak of the curve is rounded. Compared with the
experiments, the predicted stall angle is smaller by 2 deg, and the
obtained maximum lift is slightly underpredicted. The reason for
this discrepancy is that the laminar small bubble and its growth with
the collapsed suction pressure is not well resolved, and the flows are
fully separated without any reattachment at a relatively low angle
of attack under the current mesh resolution.

The compact difference scheme provides much more reliable re-
sults than does the conventional upwind scheme under the current
mesh resolution. Simulation using a conventional upwind scheme
fails to predict the flow characteristics. With much a larger num-
ber of grid points, such simulation would capture the laminar small
bubble at relatively low angles of attack and its growth with in-
creasing angles of attack, but that would require a much higher
computational cost. One important issue here is that the simula-
tion with the LES/RANS hybrid methodology, coupled with the
high-resolution compact difference scheme, allows us to simulate
the flowfield within the restricted number of grid points (about 3
million) and available personal-computer class computer memory.
From the successful prediction obtained by the LES3 in LESFOIL
project, required mesh resolution near the solid surface is (�x+,
�y+, �z+) = (60, 25, 2). When the required mesh resolution is
considered, the capability of the present LES/RANS hybrid method
with the compact difference scheme is significant. The computa-
tional cost may be reduced roughly 500 times lower than that of
pure LES to compute the same size domain. The other important
issue is that the thin-airfoil stall characteristics are well simulated
using the LES/RANS hybrid methodology.

IV. Conclusions
A thin-airfoil stall feature of a NACA 64A006 airfoil is computa-

tionally investigated using LES/RANS hybrid methodology with the
high-order compact difference scheme at several flow conditions:
subsonic flow of M∞ = 0.17, high Reynolds number of Re = 5.8 ×
106, and angle of attack range 4.0–11.0 deg. The thin-airfoil stall
phenomena are characterized by laminar flow separation at the lead-
ing edge and turbulent reattachment, where the reattachment point
gradually moves rearward with increasing angles of attack.

Thin-airfoil stalling aerodynamic characteristics, which are of pri-
mary interest from an engineering viewpoint, were successfully pre-
dicted using the LES/RANS hybrid methodology with a high-order
compact difference scheme with a reasonable computational cost,
whereas LES alone may not be suitable for this kind of parametric
(various angles of attack) study because of its high computational
cost. The RANS simulations with any turbulence model have never
been successful as far the authors know. The time-averaged pres-
sure distribution over the airfoil surface showed that the laminar
small bubble at relatively low angles of attack and its growth with
increasing angles of attack were successfully captured. For the pre-
diction of thin-airfoil stall phenomena, it is necessary to resolve
properly the laminar small bubble near the leading edge and the
growth of the bubble where suction pressure peak is collapsed with
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increasing angles of attack. The growth and shape of the boundary-
layer profiles over the suction surface were successfully predicted
even under a relatively coarse mesh resolution compared with the
required mesh resolution for pure LES. The vortices shedding from
the leading edge were properly resolved without excessive dissipa-
tion under the current mesh resolution with the high-order compact
difference scheme. From the instantaneous and time-averaged flows,
it has been confirmed that the typical laminar small bubble near the
leading edge observed in the experiments is a phenomenon when
the unsteady vortices shedding from the leading edge are averaged
for a certain time length.

In the investigation of different schemes under the current mesh
resolution, the conventional upwind scheme failed to resolve prop-
erly the small vortices shedding from the leading edge in the instan-
taneous flowfield and the laminar small bubble and growth of the
bubble with increasing angles of attack in the time-averaged flow-
fields, but would capture the thin-airfoil stall phenomena if a much
larger number of grid points were used. One important issue here is
that the LES/RANS hybrid methodology with the high-order com-
pact difference scheme provided extremely high-fidelity results for
the complicated and separated flowfields associated with a NACA
64A006 airfoil near stall within the restricted number of grid points
(about 3 million) and available personal-computer-class computer
memory.

Regarding the treatment of transition, the numerical transition
method implemented in the original turbulence model by Baldwin
and Lomax that detects the transition point automatically from the
simulation itself worked well with the hybrid method for the flows
around the NACA 64A006 airfoil. Laminar small bubble at rela-
tively low angles of attack and its growth with increasing angles of
attack and the aerodynamic characteristics were successfully pre-
dicted with the simple automatic detection method. In the present
LES/RANS hybrid methodology, transition near the wall region
must be computed by RANS. Therefore, the hybrid method with
the simple transition method is considered to be an effective predic-
tion tool for flows where RANS can predict the transition reasonably
well; the present flow and the flow past a circular cylinder7 where
leading-edge separation determines transition (bypass transition)
are such cases.

In total, the results illustrated the possibility of the LES/RANS
hybrid methodology for the prediction of massively separated high
Reynolds number flows with laminar separation and turbulent reat-
tachment within a more practical computational cost than that of
pure LES approaches.
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